By carrying out a systematic expansion of Feynman integrals in the lattice spacing, we show that the axial anomaly in the U (1) lattice gauge theory with Wilson fermions, as determined in one-loop order from an irrelevant lattice operator in the Ward identity, must necessarily be identical to that computed from the dimensionally regulated continuum Feynman integrals for the triangle diagrams.
Introduction
As is well-known, the Adler-Bell-Jackiw anomaly [1] in the divergence of the axial vector current in QED, and in the axial flavor singlet current in QCD, is intimately connected with the fact that a shift of the integration variable in the linearly divergent Feynman integral for the triangle graph does not leave the integral invariant. An additional surface term is generated by the shift which, if one requires vector current conservation, leads to an anomalous axial vector Ward identity. By introducing a Pauli-Villars regularization such shifts in momentum variables are allowed, but chiral symmetry is explicitly broken by the Pauli-Villars regulator masses. Alternatively one can use the dimensional regularization scheme of 't Hooft and Veltman [2] to compute the anomalous contribution to the divergence of the axial vector current.
An alternative regularization scheme is that provided by the lattice formulation of QED and QCD. Using Wilson fermions [3] one avoids the fermion doubling problem at the expense of breaking chiral symmetry explicitly, as demanded by the NielsonNinomiya theorem [4] . The term in the action which is responsible for lifting the fermion degeneracy is a so called irrelevant term which vanishes in the naive continuum limit. Since the lattice regularization is already introduced on the level of the generating functional, the lattice Ward identities for the divergence of the vector and axial vector currents are expected to hold for any finite lattice spacing. While it follows that the divergence of the vector current is conserved, the divergence of the axial vector current is not. The corresponding lattice Ward identity yields an explicit expression for the anomalous contribution, which is entirely determined from the Wilson term in the action that breaks the chiral symmetry explicitly. This anomalous contribution, which is given by an irrelevant operator, has been calculated a long time ago by Karsten and Smit [5] and was shown to yield the correct anomaly in the continuum limit. The axial anomaly on the lattice has been discussed subsequently by various authors [6] .
In the continuum formulation of QED or QCD the anomaly must necessarily be computed from the divergence of the axial vector current, since the naive Ward identity does not provide us with an explicit expression, as is the case on the lattice. One is then led to the conclusion that computing the dimensionally regulated triangle graph for the divergence of the axial vector current in the continuum formulation is equivalent to taking the continuum limit of a lattice Feynman integral having no continuum analog.
The fact that the anomaly computed from an irrelevant lattice Feynman integral yields the triangle anomaly of the continuum formulation is not obvious. There is no a priori reason why this should be the case. It is the purpose of this paper to show why this is necessarily so.
The paper is organized as follows. In section 2 we consider the axial vector Ward identity for the U (1) lattice gauge theory with Wilson fermions, and check explicitly that the anomalous contribution to the divergence of the axial vector current is given by an irrelevant lattice integral which has precisely the form demanded by the Ward identity. An important ingredient in the proof is that lattice Feynman integrals are invariant under shifts in integration variables. In the continuum formulation, on the other hand, such shifts in linearly divergent Feynman integrals generate an additional surface term which give rise to the anomaly, as we have already remarked before. It is this observation which provides us with the key for proving that the continuum limit of the anomalous contribution to the Ward identity is necessarily given by the triangle graphs in the continuum formulation. The basic idea is that, having proved that the Ward identity is satisfied for any finite lattice spacing, we can also write the irrelevant anomalous term in the lattice Ward identity as the sum of contributions of the individual Feynman diagrams to the divergence of the axial vector current without making a shift of integration variables. This sum will now include, besides the additional diagrams arising from irrelevant lattice vertices, the lattice version of the familiar triangle diagrams which do possess a naive continuum limit. In section 3 we then apply the small-a expansion scheme of Ref. [7] to this expression and show that for vanishing lattice spacing it reduces to the dimensionally regulated integrals for the triangle diagrams of the continuum formulation. In order to point out a similarity between the mechanism by which the anomaly is generated on the lattice and in the continuum formulation, we shall apply the small-a expansion scheme also to the alternative expression given by the irrelevant anomalous term in the lattice Ward identity. Section 3 4 summarizes our results.
Check of the lattice Ward identity
Consider the action for lattice QED with Wilson fermions
where x = n a 4 , m is the fermion mass, r the Wilson parameter and a the lattice spacing. From the invariance of the partition function under the change of variables
one readily derives the following Ward identity for the expectation value of the divergence of the axial vector
where ∆ L µ is the left lattice derivative. The axial vector current is given by
and the irrelevant operator X (x) by
On the other hand, the vector Ward identity reads
where
Since the lattice regularization is introduced (non-perturbatively) at the level of the partition function, the Ward identities (2.2a) and (2.3a) should hold for any finite lattice spacing. If so, one can calculate the anomalous contribution to the divergence of the axial vector current directly from < X (x) >, as was done originally in Ref. [5] .
This contribution is proportional to the Wilson parameter r, with X (x) an irrelevant operator that vanishes in the naive continuum limit. The explicit computation of < X (x) > turns out to yield the correct anomaly for vanishing lattice spacing [5] .
In the continuum formulation, on the other hand, the anomalous Ward identity must necessarily be computed from < ∂ µ j
. We shall follow here the same procedure, and verify in one-loop order that this external field expectation value is in fact given by the RHS of eq. 
with M (q) the momentum dependent Wilson mass,
The lattice expressions for the vertices coupling one or two photons to the vector current are given by
where p = p + p ′ , with p (p ′ ) the incoming (outgoing) fermion momentum at the vertex. In the literature it is customary to write the external field expectation value of
where k and k ′ are the outgoing photon momenta, and Γ µλν is computed with the following expressions for the axial vector vertices, denoted by dots in Fig. 1 , involving no, one or two photons:
For the following discussion it turns out however to be important to consider the corresponding axial vector vertices forΓ λν written in a particular convenient way.
These can be obtained directly from the definition of the current (2.2b):
It can be easily verified, making use of trigonometric relations, that the lattice Feynman integrals corresponding to diagrams (a)-(f) in Fig. 1 , computed with these expressions, can be written in the form (2.6) with the effective axial vertices (2.7a)-(2.7c) for Γ µλν .
Consider now the contribution of diagrams (f) and (c). Clearly diagram (f) does not contribute to the divergence of J (5) µ (x). Diagram (c) can also be easily shown to vanish by making use of the following identity for (2.8a)
Next consider the contributions arising from diagrams (a), (b), (d) and (e). Making again use of the identity (2.9) we can write the contribution of diagrams (a) and (b) in the form 
λ (p) [cf. eq (2.5a)] does not contribute to the trace in N λν (ℓ, k, k ′ ; a), we can make the following replacement in eq. (2.10b)
vanishes in the continuum limit. Hence we obtain
This expression can be decomposed into irrelevant terms (i.e., vanishing in the continuum limit) proportional to one or two Ω µ (q)'s, and terms which possess a continuum analog. By making appropriate shifts of integration variables these latter terms can be readily shown not to contribute to the integral (2.10a). In the continuum formulation the very same shifts would also lead naively to a vanishing result, but because one is faced with linearly divergent integrals a surface term is generated which is nothing else but the anomaly. In a lattice regulated theory such shifts of variables leave the integrals invariant and the anomaly is actually generated only by M λν (k, k ′ ; a), given in eq. (2.10c). In fact, as we now show, the contributions of the irrelevant terms in eq. (2.12) to the integral (2.10a) are canceled by the contributions arising from the lattice diagrams (d) and (e) involving the irrelevant vertex w
where Ω λ (q) has been defined in eq. (2.11b), and noting that we can make again the replacement (2.11a) for the vertex coupling the photon to the vector current (the term proportional to r in eq. (2.5a) does not contribute to the trace), we obtain the following expression for the contributions of diagrams (d) and (e)
By appropriate shifts of integration variables one then readily verifies that the contribution of these diagrams cancel the remaining irrelevant contributions in eq. Notice that only after using the identity (2.9), and making appropriate shifts in integration variables, we were led to the conclusion that the contribution of diagrams
µ (x) > combined to yield the expectation value of the irrelevant operator X (x). On the other hand, the divergence of the axial vector current written in the form (2.6) with the effective axial vertices (2.7a)-(2.7c) for Γ µλν , does not only include the irrelevant contributions of the diagrams (c)-(f), but also the contributions of diagrams (a) and (b) which do possess a continuum analog.
Since we have shown the Ward identity to be satisfied for any finite lattice spacing, we have therefore the following relatioñ respectively. In the following section we will now use the small-a expansion scheme of
Ref. [7] to show that in the continuum limitΓ λν reduces to the dimensionally regulated
Feynman integral for the triangle diagrams of the continuum formulation.
Computation of the axial anomaly in the small-a expansion scheme
In the small-a expansion scheme of Ref. [7] one departs from a D-dimensionally regulated one-loop lattice Feynman integral having the generic form
where p and m stand collectively for the set of external momenta and masses, and it is understood that the coupling constant e is to be replaced, as is usual in the dimensional regularization scheme, by eµ 
where d H is the inverse-mass dimension of H (ℓ, p, m; a, D),l is the dimensionless loop variable, and T k f (a) denotes the Taylor expansion of f (a) around a = 0 up to O a k .
Note that the integration in the first integral extends, as in the continuum, over an infinite range, and that the leading O (a 0 ) contribution is just the dimensionally regulated continuum Feynman integral. The Taylor expansion of the second integral yields polynomials in the momenta with coefficients having the form of lattice Feynman integrals with periodic integrands.
In the following we will first use the small-a expansion scheme to calculate the anomaly from eq. (2.10c). Although this computation is not required for the main * The small-a expansion has been applied also in [7, 8] .
objective of the paper, it serves to illustrate the distinct ways in which the relevant operator 2mψ (x) γ 5 ψ (x), and the irrelevant operator X (x) in the Ward identity (2.2a) are handled by the small-a expansion scheme. At the same time it will also serve to point out the similarity between the mechanism by which the anomaly is generated on the lattice and in the continuum formulation.
i) The anomaly calculated from the small-a expansion of
Consider the RHS of the Ward identity (2.2a). As we have seen, it is given in oneloop order by M λν (k, k ′ ; a), defined in eq. (2.10c). Extracting from this expression the contribution proportional to m, making use of eqs. (2.4b) and (2.15b), we have that
is the anomalous contribution to the divergence of the axial vector current. Here
The fermion propagator D −1 (q) and the fermion-photon vertex V
λ (p) are defined in eqs. (2.4a) and (2.5a), respectively. We now apply the small-a expansion scheme 2m
What concerns the anomalous term A λν (k, k ′ ; a), in eq. and a −1 vanish, and that
where and performing a partial integration one readily verifies that
where the integration extends over a 4-dimensional cube with edges lying in the first Brillouine zone [ − π, +π], excluding an infinitesimal sphere with radius ǫ around the infrared singularity at the origin. ‡ By applying Gauss theorem and taking the limit ǫ → 0, one obtains the result of Ref.
[5] 8) which is just the well-known anomaly of the continuum formulation. This, as we have already mentioned before, is a remarkable result, since the anomaly has been computed from an expression having no continuum analog. On the other hand, the sum of the two triangle diagrams contributing to the anomaly in continuum QED are known to give a non-vanishing contribution only because linearly divergent Feynman integrals are not invariant under shifts in integration variables. The surface term generated by such shifts, arising from an ultraviolet divergence, yields the anomaly (see e.g. Ref. [9] ).
On the lattice the surface term is generated by a similar mechanism, but the anomaly arises from an infrared divergence. This, and the above explicit computation, suggests that one can actually prove that the anomaly arising from the explicit breaking of chiral symmetry by the irrelevant Wilson term in the action is necessarily identical with that calculated from the continuum triangle Feynman diagrams. The crucial ingredient going into the proof is, that since we have shown that the Ward identity (2.2a) is satisfied for any finite lattice spacing, we can just as well compute the anomaly from the divergence of the axial vector current, using the small-a expansion scheme without ‡ Since the integral in (3.5a) is infrared finite, we are free to calculate it as the limit ǫ → 0 of the volume integral V −V ǫ . This provides a natural regularization of the, in the limit ǫ → 0, logarithmically divergent integrals appearing after making use of eq. (3.6). 
and
Since the traces in eq. . With these approximations the integral in eq. (3.9b) becomes independent of λ, so that we can further replace sin
. Then the potentially divergent contribution reduces to
For D → 4 the divergent part of this integral behaves like [8π
We therefore find that the integral (3.9b) is actually convergent for D → 4, so that the first term in (3.9a) can be evaluated directly in four dimensions and vanishes since We have therefore shown that taking the continuum limit of the anomalous contribution to the divergence of the axial vector current, arising from the irrelevant operator X (x) in the Ward identity (2.2a), is necessarily equivalent to taking the D → 4 limit of the dimensionally regulated continuum Feynman integrals for the triangle diagrams.
Hence the small-a expansion scheme has allowed us to establish a direct connection between the anomaly calculated from an irrelevant lattice Feynman integral and a dimensionally regulated continuum integral.
Conclusion
In this paper we have taken a new look at the axial anomaly in lattice QED with
Wilson fermions, originally discussed in Ref. [5] . We have first checked explicitly that the axial Ward identity is satisfied in one-loop order for any finite lattice spacing and 
